Abstraction of a hybrid model combining
PDEs and probabilistic components into a
Markov chain.
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» Hybrid models are widely employed in modeling (biology process,
ecology...)

» Issues:

= Lack of unified formalisms: Classical tools are often
insufficient to describe hybrid dynamical systems.

= The computational cost can quickly become high.
» Benefits from abstraction:

= More manageable

= Reduction of complexity



PDEs Model

Let Juv, Mat and Seeq be the densities of juvenile trees, mature
trees, and seeds, respectively in a forest €. For a study time
interval [tg, txr1[, we have:

et = B85eea(t x) = Y(mar(t, 2))jun(t, T) = Fun(t:z) Vo €0
omgle) i 1,0) - heltc) Ve €0
%t(t’x) _ dASeed(ta'r) — ,Bseed(t7'r) + Oémat(tg-r) Vx € Q

Seed(t,x) =0 Va €N
With:

= h and 7 the mortality rate, § a rate of sprouted seeds
= f a growth rate, o a seed production rate

= d a dispersion factor and [ a rate of seeds planted
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Probabilistic process

> Let event
H: «An extreme climatic event occurs over 2 at t =51 »
with parameter p € [0,1]. H determines whether conditions are

modified as ¢ approaches tj1

H ~ Bernouilli(p)

Let U = (Juw, Mat, Seeq) and I a mortality rate over

= If H=1, we have U(tp11) = lim ¢t — ¢, U{t)x T
b=ty

» If H=0we have U(tp41) = lim  U(¢)
t i
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State definition

» Firstly, we study the PDEs sytem apart.

» We build states for our Markov Chain based on stationary
regimes of the models : when the forest is extinct or stable.

» B(0,6) ={U € X : |U —0||z2 < €} denoted as By.

» B(Unaz,€) ={U € X : ||U — Unaz||12 < €} denoted as
Bp:.

We can define a transitional state between the other two:

Br = X \ {B(Us.) UB(Us)}
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Markov Chain

Let S = {Br, By, Bp+} the set of states. We define the transition
probability as:

P(U(tk+1) € B;|U (k) € Bi) = Pis;

pr—tr Pr—o Pr—p+
P=1 posr pPoso DPo_p+ | the transition probability

Pp+1T Pp+—0 PPt—p+t
matrix such as Vi € S:

> B =l

JES
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Markov Chain

Pp+_,p+ Po—o
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Numerical approximation

Probabilities values are approximated by:

z—)] 25 Uk maas

With Uy (ty) randomly chosed in B; and §; the Kronecker symbol
such as :

5. — =1 if Uk(tmam)eﬁj
! =0 Otherwise

We apply this for N = 1200 in an optimistic scenario where
mortality is low.
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Numerical approximation

Transition probabilities from extinction state
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Transition probabilities from the extinction state, for h = 0.01 and

in steps of 10
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Conclusion and future work

» The temporal window of transition events can be identified
» Include probabilistic process into the Markov Chain

» Apply the method to other parameter scenarios
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